The spatial organization of metabolism is common to all domains of life. Enteric and other bacteria use subcellular organelles known as bacterial microcompartments to spatially organize the metabolism of pathogenicity-relevant carbon sources, such as 1,2-propanediol. The organelles are thought to sequester a private cofactor pool, minimize the effects of toxic intermediates, and enhance flux through the encapsulated metabolic pathways. We develop a mathematical model of the function of the 1,2-propanediol utilization microcompartment of Salmonella enterica and use it to analyze the function of the microcompartment organelles in detail. Our model makes accurate predictions of doubling times based on an optimized compartment shell permeability determined by maximizing metabolic flux in the model. The compartments function primarily to decouple cytosolic intermediate concentrations from the concentrations in the microcompartment, allowing significant enhancement in pathway flux by the generation of large concentration gradients across the microcompartment shell. We find that selective permeability of the microcompartment shell is not absolutely necessary, but is often beneficial in establishing this intermediate-trapping function. Our findings also implicate active transport of the 1,2-propanediol substrate under conditions of low external substrate concentration, and we present a mathematical bound, in terms of external 1,2-proanediol substrate concentration and diffusive rates, on when active transport of the substrate is advantageous.. By allowing us to predict experimentally inaccessible aspects of microcompartment function, such as intra-microcompartment metabolite concentrations, our model presents avenues for future research and underscores the importance of carefully considering changes in external metabolite concentrations and other conditions during batch cultures. Our results also suggest that the encapsulation of heterologous pathways in bacterial microcompartments might yield significant benefits for pathway flux, as well as for toxicity mitigation.
related organelle, carboxysomes in the carbon concentrating mechanism of 37 cyanobacteria [22] . For simplicity, we model the Pdu MCP as a spherical compartment 38 in the center of a radially symmetric spherical cell. The model includes passive 39 transport of 1,2-PD and propionaldehyde across the cell membranes and MCP shell, 40 possible active transport of 1,2-PD into the cell, and the action of the PduCDE and 41 PduP/Q enzymes localized within the MCP (Fig. 1B) . Parameters were estimated a 42 priori or based on experimental results. We have developed a numerical simulation for 43 this spherical geometry with localization of enzymes to the MCP. By making the 44 assumption of constant metabolite concentrations in the MCP lumen, we also developed 45 a closed-form analytic solution that well approximates the full numerical solution for a 46 broad range of physically relevant parameter values ( Fig. S1 ; see also Models). The 47 analytic approximation allows for explicit examination of the relationships between 48 different parameters and the mechanisms in the system. This analytical solution is used 49 throughout the following analysis. 50 We find that aldehyde sequestration is the key function of the Pdu MCP, and 51 contributes not only to decreasing aldehyde leakage into the cytosol and the growth 52 medium, as is often discussed in the existing literature, but also to greatly increasing 53 flux through the metabolon by increasing the substrate concentration in the vicinity of 54 the relevant enzymes. Furthermore, we find that active 1,2-PD transport across the cell 55 membrane is dispensable at some external 1,2-PD concentrations, including the 56 concentrations at which most laboratory experiments are performed, but not at low 57 external 1,2-PD concentrations. This transport activity has been proposed previously, 58 but never experimentally observed [25] . Finally, while selective MCP membrane 59 permeability is not always required to achieve optimal substrate concentrations, it is We model Pdu MCP function using a simple spatially resolved reaction-diffusion model 69 incorporating passive and active transport across the cell membrane, passive transport 70 across the MCP shell, and enzymatic catalysis of two critical steps in 1,2-propanediol 71 metabolism: conversion of 1,2-propanediol to propionaldehyde by the PduCDE 72 holoenzyme [9] , and subsequent conversion of propionaldehyde to downstream products 73 by the PduP and PduQ enzymes [11, 12] . We model the bacterial cell as a spherical 74 compartment of radius 500 nm, containing at its center a single spherical MCP of radius 75 100 nm (representing the same fraction of the cell volume as 5 Pdu MCPs in a typical 76 bacterial cell; Fig. 1B ). The key assumptions in the model are as follows: 78 1. we assume that the cell and the MCP are spherically symmetrical, such that 79 f (r, θ, φ) = f (r) only, and ∇ 2 f = 1 r 2 ∂ ∂r r 2 ∂f ∂r ; 80 2. we consider the system at steady state; 81 3/21
3. we consider constant external concentrations of 1,2-propanediol (P out ) and 82 propionaldehyde (A out ); 83 4. and we assume that the enzyme-catalyzed reactions are irreversible, and neglect 84 reactions downstream of PduP/Q. 85 We assume that the conversion of P to A in the absence of enzymatic catalysis is 86 negligible, so the equations for diffusion of 1,2-PD, P , and propionaldehyde, A, in the 87 cytosol are as follows:
88 D∇ 2 P (r) = 0.
(1)
Where D is the diffusion coefficient of the metabolites in the cytosol. 89 The analogous equations in the MCP are likewise: 
Here V CDE is the maximum rate of dehydration by PduCDE. K M CDE is the half 94 maximum concentration for dehydration.
95
PduP and PduQ are redox-coupled by the cycling of NAD+/NADH, so we assume 96 that their catalytic rates are equal at steady state; the equation for the PduP and PduQ 97 reactions is therefore:
Here V P Q is the maximum rate of aldehyde consumption by PduP, and K M P Q is the 99 half maximum concentration. The rate is doubled due to cofactor cycling to yield the 100 rate of PduP/Q combined.
101
We assume that P and A are transported across the cell membranes by passive 102 diffusion, so we can specify the following boundary conditions enforcing continuity of 103 flux of each metabolite at the cell membrane. In the case of P , in addition to passive 104 transport across the cell membrane, we also include the possibility of active transport 105 across the cell membrane by the putative membrane protein encoded by pduF.
Here active transport of P is set by the transport velocity j c . The permeabilities of 108 the cell membrane to A and P are set by the passive transport velocities k A m and k P m .
The passive transport, active transport, and enzyme parameters were estimated a 115 priori or from literature as shown in Table 1 . The nonspecific permeability of the MCP 116 k c was chosen to minimize the predicted S. enterica doubling time ( Fig. 2A ). 
117

Non-dimensional equations 118
We derive nondimensional equations which can then be solved numerically by a 119 finite-difference approach to find the steady-state concentrations in the MCP, and the 120 solutions in the cytosol follow directly. We solve the spherical finite-difference equations 121 using the ODE15s solver in MATLAB. Details of the non-dimensionalization can be 122 found in the Supplementary Information.
123
Analytical solution 124 If we assume that the concentration gradients in the MCP are small, then the assumption is tantamount to assuming that the quantity ξ = In order to assess the function of the Pdu MCP, we compare the performance of the 139
Pdu MCP system to two alternative organizational strategies for the Pdu metabolic 140 enzymes: uniform distribution of the enzymes throughout the cytosol, and 141 co-localization on a scaffold without a diffusion barrier. We assess the function of each 142 organization strategy by two criteria: (i) maintenance of the cytosolic propionaldehyde 143 concentration below the toxicity limit of 8 mM [21] in Figure 3A PduP/Q enzymes are distributed throughout the cytosol, our model suggests that the 155 steady-state propionaldehyde concentration is maintained at 2.4 µM (several orders of 156 magnitude below the 8 mM toxicity limit) when the external propanediol concentration 157 is 55 mM (Fig. 3A, Fig. S2 ). In turn, the PduP/Q enzymes, with a K M of 15 mM, are 158 not saturated ( Fig. 3B ). Table 1 .
Another organizational strategy is localization of the relevant enzymes to a scaffold, 160 without a diffusion barrier. In this case, the propionaldehyde concentration in the 161 vicinity of the PduP/Q enzymes is 2.8 µM, higher than if the enzymes are distributed 162 throughout the cytosol (in which case the kinetically relevant concentration is 2.4 µM), 163 but still much lower than the saturating concentration of 15 mM ( Fig. 3B ). 164 
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When the enzymes are localized in the MCP (permeability of 10 −5 cm/s for 1,2-PD 165 and propionaldehyde), the PduP/Q enzymes are exposed to a much higher 166 propionaldehyde concentration of 28 mM (higher than the saturating concentration) 167 ( Fig. 3B ), while the propionaldehyde concentration in the cytosol is 1.2 µM (Fig. 3A) . 168 The presence of a diffusion barrier allows the MCP to decouple the cytosolic (Fig. 3A, B ).
175
Optimally permeable MCPs are an effective means of decoupling a potentially toxic 176 cytosolic aldehyde concentration from the kinetically relevant aldehyde concentration 177 inside the MCP. PduP/Q saturation could also be achieved with a very low cell 178 membrane permeability to propionaldehyde, causing an accumulation of 179 propionaldehyde in the cytosol, but at the cost of cytosolic aldehyde concentrations 180 above the toxicity limit ( Fig. S3 ). In addition, the membrane permeability to 181 propionaldehyde required for this to occur (10 −7 cm/s) is dramatically lower than a 182 physiologically reasonable estimate (10 −3 cm/s). with MCPs (6.49x10 −13 µmol/cell-s) and without (7.41x10 −13 µmol/cell-s). PduCDE 192 production of aldehyde is sufficient in all four organizational cases, but without a 193 substantial diffusion barrier in the form of the MCP membrane, the aldehyde leaks into 194 the cytosol or the extracellular space before it can be utilized by the PduP/Q enzymes. 195 To quantitatively evaluate our model we estimate the growth rate resulting from the 196 predicted flux through PduP/Q in the MCP case. Most parameter estimates were made 197 from literature or a priori (Table 1) ; the nonspecific MCP membrane permeability k c 198 was set to the value that resulted in the greatest flux through the PduP/Q enzymes in 199 our model ( Fig. 2A ). Our model predicts a flux of 2.97x10 −13 µmol/cell-s for a cell with 200 MCPs, equivalent to 1.74x10 −5 pg/cell-s, when the external 1,2-PD concentration is 55 201 mM. Approximately one-half of this flux can be used for cell growth, so assuming that a 202 bacterial cell has a dry weight of approximately 0.3 pg [23], our model predicts a time of 203 approximately 9 hours for a cell with MCPs to metabolize enough biomass through the 204 Pdu MCP metabolon to accumulate the mass of one daughter cell (Fig. 2B ). This value 205 is in good agreement with experimentally measured doubling times for the growth of 206 Salmonella enterica on 55 mM 1,2-PD of approximately 5-10 hours [21] . We believe the 207 model is well suited to address batch-wise experimental results of this kind because a 208 typical experiment measuring the growth of Salmonella on 1,2-PD takes place over tens 209 of hours, while our model has characteristic timescales on the order of seconds, at 210 maximum ( Table 2 ). This allows us to treat a Salmonella growth experiment as being 211 at a pseudo-steady state relative to our model, and accounts for the good congruence 212 between our model predictions and the experimental measurements of steady-state 213 Salmonella growth rates on 1,2-PD.
214
Another putative MCP function is the prevention of aldehyde loss into the growth 215 7/21 
Passive transport across the cell membrane τ trans
medium. We quantify this phenomenon in our model as the net flux of propionaldehyde 216 across the cell membrane into the extracellular space (so-called "propionaldehyde concentrations, neither enzyme can be saturated no matter the value of the nonspecific 277 MCP permeability k c . We therefore conclude that PduCDE and PduP/Q can be 278 saturated by adjusting k c for a P out greater than 50 mM, but for lower P out 279 concentrations no value of k c achieves enzyme saturation. We expect that these lower 280 concentrations are relevant for MCP-mediated metabolism in vivo because we observe 281 that a PPdu-gfp reporter is activated for 1,2-PD concentrations as low as 55 µM [24] .
282
Extending this analysis to the other passive diffusion mechanisms considered in the 283 model, we find that PduP/Q can also be saturated for a range of external 1,2-PD 284 concentrations by modulating the cell membrane permeability to 1,2-PD, k P m , and the 285 cell membrane permeability to propionaldehyde, k A m ; but that for each parameter there 286 exists a lower limit of external 1,2-PD concentration (30 mM and 20 mM, respectively) 287 below which PduP/Q cannot be saturated by passive mechanisms (Fig. 5B, C) . 
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The pduF ORF of the S. enterica Pdu operon is a putative membrane protein, and is 289 speculated to encode a 1,2-PD transporter [25] . We therefore explored the possible role 290 of active 1,2-PD transport across the cell membrane in the saturation of the PduP/Q 291 enzymes. Figure 6 shows phase space representations of PduCDE and PduP/Q 292 saturation with respect to active 1,2-PD transport and two passive transport 293 parameters when the external 1,2-PD concentration is 55 mM; Figure S5 shows the 294 same analysis when the external 1,2-PD concentration is 0.5 mM. We find that active 295 transport of 1,2-PD is dispensable at high external 1,2-PD concentrations (i.e. 55 mM), 296 but not at lower external 1,2-PD concentrations (i.e. 0.5 mM). When the external 297 1,2-PD concentration is 55 mM, the nonspecific MCP membrane permeability, k c , can 298 adopt a value such that both PduCDE and PduP/Q are saturated for any value of the 299 velocity of active 1,2-PD transport across the cell membrane, j c (Fig. 6A) . The same is 300 true of the cell membrane permeability to 1,2-PD, k P m , when the external 1,2-PD 301 concentration is 55 mM (Fig. 6B) . In contrast, when the external 1,2-PD concentration 302 is 0. Figure 6B , when the external 1,2-PD concentration is 319 high, λp * is large relative to Γ CDE and changes in λ are inconsequential except at large 320 λ values (when k P m is small). When the external 1,2-PD concentration is low, however, 321 as in Figure S4 , λp * ≈ Γ CDE E and active transport is therefore consequential for a 322 large range of k P m . We also observe that active transport only impacts saturation when 323 jc k P m > 1, as expected from the analytical solution. might exhibit selective permeability [26] . We therefore explored under what conditions 328 10/21 such selective permeability was advantageous for MCP function. We first consider the 329 simple case of nonspecific permeability. 330 We find that an optimal non-selective MCP shell permeability exists with respect to 331 the kinetically relevant propionaldehyde concentration in the vicinity of the PduP/Q 332 enzymes (Fig. 7A ). This optimum value (10 −5 cm/s) of a single nonspecific 333 permeability k c reflects a tradeoff between 1,2-PD entry to the MCP and trapping of 334 propionaldehyde within the MCP. The non-selective permeability must be high enough 335 for adequate entry of the PduCDE substrate 1,2-PD, but low enough to contribute to 336 the accumulation of the PduP/Q substrate propionaldehyde within the organelle. This 337 can be seen clearly when the permeabilities of the MCP membrane to 1,2-PD and 338 propionaldehyde are varied separately (Fig. 7B,C) . Lower permeability to 339 propionaldehyde is unambiguously advantageous for trapping propionaldehyde in the 340 MCP. Higher permeability to 1,2-PD, k P c , also increases propionaldehyde concentration 341 inside the MCP, until the permeability is sufficient to equalize the cytosolic and MCP 342 1,2-PD concentrations, at which point there is no further improvement. The presence of an optimal permeability persists when the ratio of k P c to k A c is fixed 344 at 0.1 or 10 and the values are varied together, maintaining this ratio (Fig. S7 ).
345
Moreover, decreasing k c entails a tradeoff between leakage prevention and flux 346 enhancement, the two aspects of Pdu MCP function ( Fig. S8) . At low k c (less than 347 10 −7 cm/s), aldehyde leakage is prevented, but flux is low; near the optimal k c for flux 348 enhancement (10 −5 cm/s), leakage is comparable with and without MCPs. At high k c 349 (greater than 1), the system approaches the case of scaffolding, with only a small flux 350 enhancement and no leakage prevention. 351 We determine the potential benefit of selective permeability by examining the permeability permits a broader range of k A c and k P c values to saturate PduP (Fig. 8 ). It 358 is interesting to note that MCP permeability to propionaldehyde must be lower than or 359 equal to MCP permeability to 1,2-PD. As observed above, decreasing MCP permeability 360 to propionaldehyde is unambiguously beneficial for flux, while decreasing the MCP 361 permeability to 1,2-PD below the MCP permeability to propionaldehyde is detrimental 362 to relative flux (Fig. S8 ). It is also important to note, however, that increasing the 363 concentration of propionaldehyde inside the MCP beyond the concentration required to 364 saturate PduP/Q is not beneficial, since there is no increase in flux, but 365 propionaldehyde leakage increases. 
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Discussion 367 By analyzing the closed-form analytical solution to our mechanistic model of Pdu MCP 368 function, we first find that flux enhancement may play a more significant role in MCP 369 function than previously thought. Secondly, our results suggest that active transport of 370 1,2-PD across the cell membrane may in many cases contribute significantly to MCP 371 function. Lastly, we find that, while not always required for MCP function, selective 372 MCP membrane permeability can enhance MCP function.
373
Flux enhancement is a key facet of MCP function 374 Experimental investigations of Pdu MCP function have consistently demonstrated two 375 key phenotypes for strains that express the Pdu enzymes but fail to form MCPs: a 376 slower growth rate and increased propionaldehyde concentration in the media [21] .
377
Slower growth could be attributable to two phenomena: "passive" growth retardation Many behaviors in our model depend strongly on external 1,2-PD concentration.
401
Therefore, care must be taken in applying results from experiments conducted at high 402 1,2-PD concentrations (55 mM) in the laboratory to Pdu MCP function inside the host, 403 and in interpreting the results of batch-wise culture experiments in which the external 404 1,2-PD concentration changes during the experiment, decreasing from 55 mM to 1 mM 405 [21] . We find that MCP function, as quantified by the relative PduP/Q flux and the pduF gene product, for instance, should be undertaken in low 1,2-PD concentration so 418 that active transport is made relevant to growth.
419
It is unknown what external concentration of propionaldehyde is encountered in the 420 host gut by invading Salmonella, but the concentration is likely to be low due to the 421 toxicity of aldehyde species to eukarya. With respect to laboratory growth experiments, 422 the propionaldehyde concentration in the growth medium is observed to increase in 423 batch-wise growth experiments, up to concentrations around 10 mM [21] . The 424 calculations above were performed assuming no external propionaldehyde, but we tested 425 our model at a range of external propionaldehyde concentrations (1 µM, 1 mM, and 10 426 mM; Fig. S9 ) and found that the qualitative behavior of the system did not change 427 with increasing external propionaldehyde concentration. The regions of parameter space 428 in which PduP/Q could be saturated were broader at higher propionaldehyde 429 concentrations, but at the cost of high cytosolic aldehyde concentrations equilibrated 430 with the external concentration.
431
Selective MCP membrane permeability is not required, but is 432 often advantageous 433 Recent evidence suggests that the Pdu MCP shell may be selectively permeable to 434 propionaldehyde as compared to other metabolites [26] . Our model suggests that, while 435 the saturation of PduP/Q enzymes can be achieved without selective permeability in 436 particular cases, it is true in general that selective permeability can enhance Pdu MCP 437 function. In contrast, selective permeability of the MCP shell does not improve the 438 function of a related system, the carbon concentrating mechanism [22] . The monotonic 439 benefit of selective permeability in the Pdu system is due to PduCDE catalyzing an sufficiently low, the permeability to 1,2-PD can be increased to saturate PduP/Q. This 446 putative trapping mechanism is in congruence with the in vitro observation that small 447 molecule efflux from a protein nanoreactor can be affected by the chemical character of 448 the reactor pores [27] . Studies of substrate channeling in enzyme scaffolds also 449 emphasize the importance of creating a high substrate concentration in the vicinity of 450 downstream enzymes [28, 29] . In the case of a microcompartment, the shell diffusion 451 barrier creates a concentration differential across the MCP shell, rather than a very 452 high local concentration of enzymes enforcing a local diffusion gradient. Interestingly, 453 and contrary to previous studies, our results suggest that selective permeability, while 454 often advantageous, is by no means required for significant flux enhancement (Fig. 3) . 455 Further experimental determination of the MCP membrane permeability is required to 456 determine in what parameter regime the Pdu MCP system operates, and whether 457 selectivity is required in vivo. Moreover, since our model predicts an optimal nonspecific 458 Pdu MCP permeability of 10 −5 cm/s, we can compare this value to future experimental 459 data for the various relevant metabolites.
460
Outstanding questions for modeling and experiment indicates that the encapsulation of enzymes in a subcellular compartment can 464 dramatically improve flux through the encapsulated pathway, in addition to reducing 465 the concentrations of intermediates in the cytosol, simply by imposing a non-specific 466 diffusion barrier. This reinforces the notion that encapsulation is a promising strategy 467 to improve the yield and titer of heterologous enzymatic pathways that fail to function 468 in a cytosolic context. However, further investigation is required to inform the selection 469 of appropriate pathways for encapsulation. We also find that, for the Pdu system, 470 encapsulation is superior to scaffolding in enhancing pathway flux, and future efforts 471 will explore what characteristics render certain pathways amenable to encapsulation or 472 scaffolding.
473
Many questions also remain to be addressed both computationally and We can then use the solution in the cytosol to generate the following boundary condition at the MCP membrane:
First, consider the mass balance on A M CP : 
